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<^^ ■ Let A C C be a starlike set with a center a. We prove that every 

CN ' tangent space to A at the point a is isometric to the smallest closed 

cone, with the vertex a, which includes A. A partial converse to this 
result is obtained. The tangent space to convex sets is also discussed. 



Key words: Metric spaces; Tangent spaces to metric spaces; Tan- 



d • gent space to convex sets; Tangent space to starlike sets. 

2000 Mathematic Subject Classification: 54E35 

1 Introduction and main results 

Analysis on metric spaces with no a priory smooth structure has been 
rapidly developed resently. This development is closely related to some 
generalizations of the differentiability. Important examples of such general- 
izations and even an axiomatics of so-called "pseudo-gradients" can be found 



in [Hl3H5t [T0Hl2t [T7] and respectively in [2]. In almost all above-mentioned 
books and papers the generalized differentiations involve an induced linear 
structure that makes possible to use the classical differentiations in the lin- 
ear normed spaces. A new intrinsic approach to the introduction of the 
"smooth" structure by means of the construction of "tangent spaces" for 
general metric spaces was proposed by O. Martio and by the first author of 
the present paper in [§]. 

In the present paper we prove that for every starlike set A Q C with a 
center a all tangent spaces to A at the point a are isometric to the smallest 
closed cone which includes A and has the vertex a. A partial converse to 
this result is also obtained. Important particular cases A = R, A = M + 
and A = C are considered in details. The results of the paper were partly 
published in the preprint from [7]. 

For convenience we recall the main notions from [6HS]. 

Let (X, d) be a metric space and let a be a point of X. Fix a sequence f of 
positive real numbers r n which tend to zero. In what follows this sequence f 
is called a normalizing sequence. Let us denote by X the set of all sequences 
of points from X. 

Definition 1.1. Two sequences x,y G X, x = {x n } nS N and y = {y n }n<=N, 
are mutually stable (with respect to a normalizing sequence f = {r n } n ^) if 
there is a finite limit 

lim ?±JL_ . = d f (x,y) = d(x,y). (1.1) 

n— >oo r n 

We shall say that a family FCIis self-stable (w.r.t. r) if every two 
x,y G F are mutually stable. A family FCXis maximal self-stable if F is 
self-stable and for an arbitrary z 6 X either z G For there is x € F such 
that x and z are not mutually stable. 

A standard application of Zorn's Lemma leads to the following 

Proposition 1.2. Let (X,d) be a metric space and let a G X. Then for 
every normalizing sequence f = {r n } nS M there exists a maximal self-stable 
family X a = X a> ? such that a := {a, a, . . . } G X a . 

Note that the condition a G X a implies the equality 

lim d(x n ,a) = 

n— >oo 

for every x = {x n } neN G X a . 



Consider a function d : X a x X a — > R where d(x, y) = df(x, y) is defined 
by (|l-ip . Obviously, <i is symmetric and nonnegative. Moreover, the triangle 
inequality for the original metric d implies 

d{x,y) < d(x,z) + d{z,y) 

for all x,y,z S X a . Hence (X a ,d) is a pseudometric space. 

Definition 1.3. The pretangent space to the space X at the point a w.r.t. 
f is the metric identification of the pseudometric space {X a ^,d). 

Since the notion of pretangent space is basic for the present paper, we 
remind this metric identification construction. 

Define a relation ~ on X a by x ~ y if and only if d(x, y) = 0. Then 
~ is an equivalence relation. Let us denote by Q a = Q, a ,f = ^af *be set of 
equivalence classes in X a under the equivalence relation ~. It follows from 
general properties of pseudometric spaces, see, for example, [HI Chapter 4, 
Th. 15], that if p is defined on Q a by 

p(a,/3):=d(x,y) (1.2) 

where x € a and y E (3, then p is the well-defined metric on £l a . The metric 
identification of (X a ,d) is, by definition, the metric space (f2 a ,p). 

Remark that f2 aj f ^ because the constant sequence a belongs to X a ^ , 
see Proposition 11.21 

Let {nk}keN be an infinite, strictly increasing sequence of natural num- 
bers. Let us denote by f' a subsequence {r nk ]k&n of the normalizing sequence 
r = {r„} ne N and let x' : = {x nfc } fceN for every x = {x n } n& € X. It is clear 
that if x and y are mutually stable w.r.t. f, then x' and y' are mutually 
stable w.r.t. r' and 

df(x,y) = df'(x',y'). (1.3) 

If X a ^ is a maximal self-stable (w.r.t. f) family, then, by Zorn's Lemma, 
there exists a maximal self-stable (w.r.t. f') family X a ?> such that 

{x' :ieI a , r -}CV. (1.4) 

Denote by in^' the mapping from X a ^ to X a ^' with inp(ic) = x' for all 
x £ X a ,f . If follows from (|1.3j) that after the metric identifications in^ passes 
to an isometric embedding em': Q a f — > £l a f' under which the diagram 



X " V > X 



P 



P 



(1.5) 



em / Q 

i l a r t i la f' 



is commutative. Here p and p' are metric identification mappings, p(x) := 
{y G X ai f : df(x,y) = 0}, p'(x) := {y € X a ^ : df'{x,y) = 0}. 

Let X and Y be two metric spaces. Recall that a map / : X — > Y is 
called an isometry if / is distance-preserving and onto. 

Definition 1.4. ^4 pretangent £l aj f is tangent if em' : £l a ,r —* ^a,f' is an 
isometry for every f'. 

Note that the property to be tangent does not depend on the choice of 
X a ,f' in (|l-4p . see Proposition 12 . 1 1 in the present paper. 

Let X be a metric space with a marked point a, r a normalizing sequence, 
X a ^f a maximal self-stable family and f2 Qj f the corresponding pretangent 
space. 

Definition 1.5. The pretangent space f2 ai f lies in a tangent space if there 
is a maximal self-stable family X a ^i such that (jl.4p holds and if£l a ^>, the 
metric identification of X a f, is tangent. 

Let (X, d) be a metric space with a marked point a, let Y and Z be 
subspaces of X such that a G Y n Z and let r = {r n } n£ ^ be a normalizing 
sequence. 

Definition 1.6. The subspaces Y and Z are tangent equivalent at the point 
a w.r.t. f if for every yi = {yi '} ne n G Y and for every z\ = {z^ '} n gn £ Z 
with finite limits 

J (~ - \ v d (Vn\o) , 7 .. _ v .. d{z { n\a) 
af{a,yi) = lim ana df\a,z\) = lim 



(2) ~ (2) ~ 

there exist y2 = {y-h }neN € Y and Z2 = {zn }ngN G ^ suc/i that 
lim d ^" ' z " j = lim d W" ' z " J = o. 

n—too r n n—^oo r n 

We shall say that Y and Z are strongly tangent equivalent at o if Y and 
Z are tangent equivalent at a for all normalizing sequences f. 

Let A be a set in a linear topological space X over R. The set A is 
termed starlike with a center a if 

[a, b] = {x G X : x = a + t(b - a), t€ [0, 1]} C A 

for all b £ A. Moreover, A is a cone with the vertex a if the ray 

Z a (&) : ={ia :x = a + t(b-a),t GR + } (1.6) 



lies in A for every b € A. For nonvoid sets X C C and a £ X define 
Con a X (Conv a X) as the intersection of all closed (closed convex) cones 
A D X with the common vertex a. 

Now we are ready to formulate the first result of the paper. 

Theorem 1.7. Let X Q C be a set with a marked point a. If X is starlike 
with the center a, then for each tangent space 0^~ there is an isometry 

ip-.Q^f^- Con a (X), ip(a) = a, 

where a = p(a), see (|l,5p . and, moreover, every pretangent space 0^ lies 
in some tangent space ^„~/- 

This theorem can be rewritten in a slightly more general form. 

Theorem 1.8. Let X C C be a set with a marked point a. Suppose that 
X is strongly tangent equivalent (at the point a) to a starlike set with the 
center a. Then all pretangent spaces to X at the point a lie in tangent spaces 
and there is a closed cone BCC with a vertex b such that for every tangent 
space O^"- there exists an isometry tp : Q,^~ — > B, tp(a) = b, where a = p(a), 
see (fT31)'. 



Theorem 11.71 admits a partial converse. 

Let I = l a (b) be a ray with a vertex a, let X C C, o£l and let (3 > 0. 
Consider the two-sided angular sector 

r(a, I, (3):={z£C: dist(z, I) < f3\z - a\} (1.7) 

where, as usual, 

dist(z, /) = inf \z — w\. 

Write 

R(X,l,f3) := {\z-a\ : z € X nF(a,l, /3)}, (1.8) 

i.e., a positive number t belongs to R(X,l,/3) if and only if the sphere 
S(a,t) = {z £ X : \z — a\ = t} with the center a and the radius t and 
the sector T(a, /, /3) have a nonvoid intersection. In what follows we will use 
a porosity of the set R(X, 1,(3), so recall a definition. 

Definition 1.9. Let ACI and let x G A. The right-side porosity of A at 
the point x is the quantity 

p(A):=lim S up l ( X,, ? ,A) (1.9) 

where l(x, h, A) is the length of the longest interval in [x, x + h] \A. 



Theorem 1.10. Let X C C be a set with a marked point a. Suppose that 
all pretangent spaces to X at the point a lie in tangent spaces and there is 
a closed cone B C C with a vertex b such that for every tangent space U^f 
there exists an isometry ip : Q x ~ — > B, ip(a) = b, where a = p(a), see (11.51) , 
Then for every ray I with the vertex a we have either 

llmp(R(X,l,f3))=0 or ]imp(R{X,l,P)) = 1. (1.10) 

/3->0 /3-s-O 

where p(R(X,l,/3)) is the right-side porosity of R(X,l,/3) at the point 0. 

Since every convex set X is starlike, Theorem 11.71 implies the following 

Corollary 1.11. Let Y be a convex subset of C with a marked point a and 
let f be a normalizing sequence. The following statements hold for every 
pretangent space f^~. 

(i) If the space 0^~ is tangent, then J7^ ? and Conv a (Y) are isometric. 

(ii) If U^f is pretangent, then U^ f lies in some tangent 0^~, . 

For X = R, X = M+ = [0,oo[ or X = C all pretangent spaces Vt* f 
are tangent, see Section 3 of the present paper, but for an arbitrary convex 
ICC pretangent spaces can cease to be tangent. 

Recall that convex set X is termed a convex body if IntX ^ 0. 

Proposition 1.12. Let X be a convex body in the plane and let a € dX. 
Then for every normalizing sequence f there is a maximal self-stable family 
X a ^ such that the corresponding space £l a ,r is n °t tangent. 

2 Auxiliary results 

In this section we collect some results related to pretangent and tangent 
spaces of general metric spaces. 

Proposition 2.1. Let X be a metric space with a marked point a, r a 
normalizing sequence and X a ^ a maximal self-stable family with the corre- 
sponding pretangent space Q a ,f- The following statements are equivalent, 
(i) O a f is tangent. 

(ii) For every subsequence f' of the sequence f the family I x' : x G X a ^ > 
is maximal self-stable w.r.t. r' . 

(Hi) A function em 1 : Sl a ,f — ► &a,f' is surjective for every r' . 
(iv) A function in' r : X a ^ — > X a p is surjective for every r' . 



For the proof see [H Proposition 1.2] or [8} Proposition 1.5]. 
Let F C X. For a normalizing sequence f we define a family [-F]y = 
[F]y,? by the rule 

(y G [F]y) ^ ((y G Y)&(3x G F : d f (x,y) = 0)). (2.1) 

Proposition 2.2 ([6j. Let Y and Z be subspaces of a metric space X and 
let f be a normalizing sequence. Suppose that Y and Z are tangent equivalent 
(w.r.t. f) at a point a £ Y C\ Z . Then following statements hold for every 
maximal self- stable (in Z) family Z a ^. 

(i) The family \Z a ,r\Y is maximal self-stable (in Y ) and we have the equal- 
ities 

[[Z a ,r\Y\z = Z a ^. = [Z a> f\z- (2.2) 

(ii) IfO-ar andfl^f are metric identifications of Z a% ? and, respectively, of 
Y at f := \Z a j\y , then the mapping 

nf> B a .— ► [a]y G Vt^ f (2.3) 

is an isometry. Furthermore, if Off- is tangent, then O^f- also is tan- 
gent. 

The following lemma is a partial generalization of Proposition 12.21 (i). 

Lemma 2.3. Let Z and Y be subspaces of a metric space (X, d), a G XC\Y , 
f a normalizing sequence, Z a ^ and Y a ^ maximal self-stable families such that 

y a ,f = [Z a ,f]Y,f- (2.4) 

Suppose Y and Z are strongly tangent equivalent at the point a. Then the 
equality 

{z' :ze Z a , f } = \{y' : y G Y a>f }}z,f' (2.5) 

holds for every subsequence r' of the sequence f. 

Proof. Let r' = {r nk }k&i be a subsequence of f = {r n } ne ^. We first note 
that (|2Ti|) and (|2T5|) imply the equality 

Consequently, if z' = {-Zn fc }fcgN belongs to the set in the left-hand side of 
(|2.5|) . then there is y = {y n } G Y af such that 

lim fe*4 = 0. 



Hence 



lim ^ Wfc ' Zwfc) = 0. (2.6) 



The last equality means that z! belongs to the set in the right-hand side of 
(|2.5p . Conversely, if 



z 



' = i z n k }k£N e [{y ■ y e Y a ^}]z,f', 



then (|2.6p holds with some y = {y n } G ^a,f- Hence, by ([2.4p . there is 
Zi = {% }nGN such that 

lim di3Jn ' Zn ) = 0. (2.7) 

n— s-oo r n 

(2) 

Let us define z 2 = {zn } ng N G Z by the rule 

( 2 ) ._ \Zn k if n = n k for some fc 
Izn otherwise. 

Limit relations (|2.6p and (|2.7|) imply that ^(^i,^) = 0. Moreover, by the 
second equality in (j2.2[) . we have Z2 € ^ a ,f- Consequently, by (|2.8|) . we have 

? = 4 £ {z' : z £ Z a! f}. 

D 

Proposition 2.4. Lei Y and Z be subspaces of a metric space X and let a 
be a point in Y n Z. Suppose that Y and Z are strongly tangent equivalent 
at the point a and that each pretangent space &%? lies in some tangent space 
tfa. Then each pretangent space Q,^- lies in some tangent space Q^ -,. 

Proof. Let Q^ f be a pretangent space to Z at the point a and let Z a> f be 
the corresponding maximal (in Z), self-stable family. Write 

Then, by Proposition 12.21 (i) . Y a ^ is maximal (in Y), self-stable family and, 
by the supposition, there are a subsequence r' of f and a maximal self-stable 
family Y a f such that 

{y :y£ Y a ,r} C Ya,f (2.9) 



and Qafi, the metric identification of Y a ?i, is tangent. For this f' consider 
the family {z' : z G Z a ^}- By Lemma 12.31 we have equality ()2.5|) . Write 
Z a ,f '■= [Y a ,f']z,f'- It follows from (|2.9|) and (|2.5p that {z! : z G ^ a ,f} C Z 0) f/ 
and, moreover, Proposition 12.21 implies that rj^-,, the metric identification 

of Z a> zi, is tangent. D 

Let Y be a subspace of a metric space (X, d). For a£7 and £ > we 
denote by 

SY = S Y (a,t):={yeY:d(a,y)=t} 

the sphere (in the subspace Y) with the center a and the radius £. Similarly 
for adZCI and £ > define 

Sf = S Z (a, £) :={zeZ : d{a, z) = £}. 

Write 

£ a (£,Z,y):= sup inf d{z,y) and e (t) := e a (£, Z, Y) V e a (£,Y, Z). 

z&sf y & 

Proposition 2.5 ([6l|8]). Let Y and Z be subspaces of a metric space (X, d) 
and let a G Y C\ Z . Then Y and Z are strongly tangent equivalent at the 
point a if and only if the equality 

l im £^) =0 (2.10) 

holds. 

Corollary 2.6. Let Y be a dense subset of a metric space X. Then X and 
Y are strongly tangent equivalent at every point a £Y . 

Lemma 2.7. Let (X,d) be a metric space with a marked point a, f = 
{r n } nS N o, normalizing sequence and let X a ^ be a maximal self-stable family. 
Then for every e > and every x = {x n } G X a f with df(x,d) > there is 
no G N such that the double inequality 

(1 - e)df(a, x) < d ^ Xn) < (i + £ )dp(a, x) (2.11) 

holds for all natural numbers n > hq. 
A simple proof is omitted here. 



Lemma 2.8. Let (X, d) be a metric space with a marked point a, f = 
{r n } nGN a normalizing sequence and X a ^ a maximal self-stable family and 
f = {/n} ng ^ a sequence of isometries f n :X—>X with f n (a) = a for all 
n G N. Then the family 

f{X a ,f) ■= {{fn(x n )} neN : {Xn} neN € X a ,r] (2.12) 

is a maximal self-stable family and, in addition, the pseudometric spaces 
(X at f,d), (f(X a: f),d) are isometric. Moreover, Q a: ? andQ. af , metric iden- 
tifications of X at f and, respectively, of f(X a ^), are simultaneously tangent 
or not. 

Proof. Since 

j,~ ~x ,. d{x n ,y n ) d(f n (x n ),f n (y n )) 
d{x,y) = lim = Iim , 

n— >co r n n— >oo r n 

every two {f n (x n )} neN and {/«(y n )}„ 6N are mutually stable if x = {x n } neN 
and y = {y n } ne ^ are mutually stable and the mapping 

-X-a,r ^ X = {x n } nGN I > \jn\ x n)f n ^ := f \ x ) G J\X a ,f) 

is an isometry It is clear that /(a) = (a, a, ..., a, ...) G f{X a ^). Hence 
it suffices to show that f(X a< f) is maximal self-stable. Suppose there is 
z = {z n } n( zN G X such that z <£ f(X at f) but z and x are mutually stable for 
all x G f(X a> f). It is easy to see that 

r\z):={f-\z n )} n& iX aif 

where Z" 1 is the inverse isometry of the isometry f n and that x and f (z) 
are mutually stable for each x G X a ^. Hence X a f is not a maximal self- 
stable family, contrary to the condition of the lemma. 

Suppose that fi 0j f is tangent. Let r' = {r nk } ne ^ be a subsequence 

of r. Then, by Proposition [27EJ the family |{x nfc } feeN : {x n } nm G X a A 
is maximal self-stable. The first part of the proof implies that the fam- 
ily \{fn k {xn k )} k( z N ■ {x n } nGH G X a A is also maximal self-stable. Conse- 
quently, by Proposition 12. 1\ Q^~ is tangent. □ 



10 



3 Tangent spaces to some model metric spaces 

In this section we describe tangent spaces to R + , R and C. 

Example 3.1. Let X = R or X = R+ = [0,oo[ and let d{x,y) = \x-y\. 
We claim that each pretangent space Q^f (to X at the point 0) is tangent 
and isometric to (X, d) for all normalizing sequences r. 

Consider the more difficult case X = R. 

Proposition 3.2. Let Xo,f be maximal self- stable family and let b = {6 n } ngN 
be an element of Xq? such that 

df(0,b) = lim M^o. 

n— >oo r n 

The following statements are true. 

(i) For every y = {y n } n ^ £ -^o,f there is a finite limit lim |p and, 

conversely, if y € X and this limit is finite, then y € Xq^. 

(ii) For every two x = {x n } neN and y = {y n } ne ^ from Xq^ the equality 
df(x,y) = holds if and only if 

,. x n ,. yn 

nm - — = lim — . 

) b n n->oo b n 



n—^oo 



(Hi) The pretangent space fio,f which corresponds to Xq^ is isometric to 
(R, |., .|) and tangent. 

Proof, (i) If y = {y n } n< =fq € -Xo.fS then there are finite limits 



d(0, y) = lim — — and d(b, y) = lim 



n— >oo Tn n— >oo T r 



For the case where d(0, y) = we obtain 

= iM= lim |4= limf 
because d(0, 6) 7^ 0. Suppose d(0, y) 7^ 0, then we have 



< hm - — - = = , , < 00. (3.1J 

n-¥oo\b n \ d(0,b) 



11 



Write for every t G 
where, as usual, 



t = \t\ sgn(t) 



sgn{t) = < 



( 1 if t > 
if t = 

-1 if t < 0. 

Then, it follows from (I3.ip . the limit lim f 2 - exists if and only if there is the 

n— >oo n 

limit lim S9n y n > . if the last limit does not exist, then there are two infinite 
sequences n = {rafc} fcGN and fh = {"ifc} fceN of natural numbers such that 



sgn(y nk ) = sgn(b Tlk ) and sgn(y mk ) = sgn(b mk ). 
for all k € N. Consequently, we obtain 



d(y, 6) = lim - 

k— s-oo 

and similarly we have 



lim l^ nfe l \bn k \ 



i'k 



k— >oo 



"A- 



d(0,y)-d(0,6) 



d(y,b) = lim - 



d(6,y) + d(6,6). 



m fe 



Thus we have the equality 

which implies that 

d(6, y) A d(6, 6) = 0. 

It is shown that for every y £ Xq f there is a finite limit lim f 21 . Conversely, 

let y € X and 

(3.2) 



r 2/" 

nm — = c € 

n->oo n 



We must show that for every x £ Xq f there is a finite limit lim 



Itfa-jnl 



k— >oo 



i.e. 



x and y are mutually stable w.r.t. r. Since £ € -Xo,f, we have a finite limit 



■r, 



Hence 





lim - — = 
n-»oo b n 


= fceR. 






(3.3) 


i- \1Jn X n \ 

nm 1 — | 

n— i>oo \T n \ 


= lim — — 




= d(0,6)|c- 


-fc| 


(3.4) 



12 




where constants c,k are denned by (|3.2p and, respectively, by (|3.3p . 
(ii) Statement (ii) follows from ()3.4p . 
(iii) Statement (i) implies that the sequence r* = {^} neK with 

r* n = r n sgn(b n ), n <E N, 

belongs to Xo,f. If we take f* instead b in (|3.2p and (j3.3|) . then we obtain 
the mapping / : Xq^ — > M where 

f(x) = lim -^, x = {x n } neN G X 0:? . 

n->oor 
n 

It is easy to see that there is a unique mapping ip : rio,f — >■ ^ such that the 
diagram 



(3.5) 



is commutative, where p is the metric identification mapping, see (jl.5p . 
Relations ()3.2j) ~ (j3.4|) imply that ip is an isometry. It remains to prove that 
£l a ,r is tangent. Let h = {n;J fceN be a strictly increasing, infinite sequence 
of natural numbers and let r' = {r nfc } fceN be the corresponding subsequence 
of the normalizing sequence r. If Xo f is a maximal self-stable family such 
that 

Xq^' 2 {x 1 : x G Xo,r}, 

then, by Statement (i), for every x = {xfcjfceN € -^o,f there is a finite limit 

,. Xk 

nm := p. 

k^oor nk sgn(b nk ) 

Define y = {yn} nGN € X by the rule 

{Xk if there is n^ such that n& = n, 

r n sgn(b n ) otherwise. 

A simple calculation shows that 

lim yj-r = p- 

Hence, by Statement (i), y belongs to Xo^. Using Proposition 12.11 we see 
that f2o,f is tangent. □ 

13 



Example 3.3. Let X = C be the set of all complex numbers with the usual 
metric |., .| and the marked point and let f = {r n } neN be a normalizing 
sequence. 

Proposition 3.4. Let Xq^ be a maximal self-stable family with the cor- 
responding pretangent space Qq?. Then Qq^ is tangent and isometric to 

C. 



The proof is divided into four lemmas. 

Lemma 3.5. Let x = {x n } n€N and y = {y n } n ^ be elements of Xq^ such 
that 



2 max 



{d(0,x),d(d,y),d(x,y)} <d(0,x) + d(0,y)+d(x,y). (3.6) 



Then following statements are equivalent for every z = {z n } neN £ X : 

(a) z belongs to Xq^; 

(b) There are finite limits 

d(0,z) = lim — — , d(x,z) = lim — — and d(y,z) = lim — — . 

n— >oo r n n— >oo r n n— >oo r n 

(3.7) 

Proof. The implication (a)^=>(b) is trivial. Suppose that (b) holds with 
z = z\ = \ Zn > and with z = Z2 = \%n \ ■ We must prove that 
there is a finite limit 



d(z\, z%) = lim 



■X 1 ) _ r ( 2 ) 



n— »oo r r 



(3i 



Write 



T It I p l P n II li; I p 1 "™ yd-) ■- 

■^n • — \^n\ c ? Un • — \Un\ c ; ^ n 



,(1) 



JlP _(2) .. 



x(2) 



o^ln 



a) 



(3.9) 
Since x, y € Xq^ and the first relation in (|3.7p holds, there are finite limits 






R x := lim — — , R y := lim — — , R\ z := lim 

n— >oo r n n— >oo }" n n— >oo /•„ 

Consequently we have the limit relations 



Ro, := lim 



z {2) 



n— >oo r r 



d(x, y) = lim 



33 1/ 



lim 

n— >oo 



i^ - R y e i{en ~ M 



14 



(1). 



d(z 1 ,y) = lim R l)Z e i{ ^ M - R y e i{f)n - M 



d(z 2 ,y) = lim 



„(2) 



R J(ik'-M_ R J(On-M 



d(x, z\) = lim 



JX> 



Rl Jhn -0n) _ Ra 



, d(x, z 2 ) = lim 



(2) 



R 2 , z e i{ ^ n -M - R a 
(3.10) 



and must prove the existence of 
d{zi,z 2 ) = lim 



R2 J^-^ - R x J^-M 



(3.11) 



It is clear from (|3.10p . (|3.1ip that, without loss of generality, it is sufficient 
to take /3„ = for all n € N. 

Moreover, ([3. lip evidently holds if R\ )Z ■ R 2z = 0. Hence we may also 
put 

Ri,z + + R 2 , z . (3.12) 

Note that (j3.6|) implies 

R X +§ + Ry (3.13) 

Since 



K'X IXy€. 



Rl + Rl - 2R X R V cos( 



the first relation in (|3.10j) and (|3.13j) imply that there exists lim cos(9 n ) 

n— >oo 

and, in addition, if follows from (|3.6p that 

(3.14) 



lim cos(9 n ) 7^ ±1, 



see Remark 13.61 below. Similarly using (j3.12[) . ()3.13|) and last two relations 
from (|3.1U|) we see that there are limits 

lim cos(7^) and lim cos (7^). (3.15) 

The remaining relations from (|3.10p imply the existence of 

lim cos(7^ ' — 9 n ) and lim cos(7^ ' — n ). (3.16) 

n— >oo n— >oo 

Since there are limits (|3.15|) and 



,(2) 



R e ^n _ Rl *7« 



(1) 



RL + Kz - 1Rx, z R2,z cos( 7 i 1) - 7^) 



and 



cos 



<C1n ] ~ ln ] ) = cos 7^ cos7^ 2) + sin 7^) sin 7^, 
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limit ()3.1ip exists if and only if there is the limit 

lim sin 7^^ sin 7^ 2 ^ . (3-17) 

n— >oo 

Using (J3.16P and (|3.14|) we obtain 

lim (sin 7A sin n ) (sin % sin 9 n ) 



lirn sin 7^ sin 7^ 

n-*oo lim (1 — COS z O n ) 

n— >oo 

and 

lim sin 7^ sin# n = lim cos (7^ — 9 n ) — lim cos # n cos 7^ 

n— >-oo n— >oo n— >oo 

for j = 1,2. It implies the existence of (|3.17p , D 

Remark 3.6. Menger's notion of betweenness is well known for the met- 
ric spaces, see, for example, [EJ p. 55]. For points x,y,z belonging to a 
pseudometric space (Y, d) , we may say that x lies between y and z if 

d(x, z) ■ d(y, z) 7^ and d(y, z) = d(y, x) + d(x, z). 

Suppose in Lemma 13.51 we have d{0, x) ■ d(0, y) 7^ 0, then inequality f|3.6|) 
does not hold if and only if some point from the set {O, x,y} lies between 
two other points of this set (in the pseudometric space (Xq^, d)). 

Remark 3.7. For the future it is useful to note that if j3 n = and 6 n £ [0, tt] 
for all n £ N, then the sequences 

<- r n ) new ^ f n J neN I '« J neN 

see, (|3.9p . are convergent. Indeed, the function 

[0,vr] 9 t 1 — > cost £ [-1,1] 

is a homeomorphism. Hence {#„},; N is convergent because there is lim cos8 n . 

It implies the convergence of {'-^-e } n eN- Moreover, it follows from (|3.14j) 
that 

lim sin(# n ) 7^ 0. 

This relation and the existence of limits (|3.16|) , (|3.15p imply the convergence 
of the sequences {sin7„ } n eN and {sin7 n } n eN- Consequently {^7— -e* 7n } n eN 

| z (2)| . (2) 

and ji-c^e* 7 " } n eN are also convergent. 

1(3 



Lemma 3.8. Let X = C be the set of all complex numbers with the usual 
metric |., .| and with the marked point and let f = {r n } n€N be a normalizing 
sequence. Let Xq^ be a maximal self-stable family for which (j3.6|) holds with 
some x,y € Xq^. Then there is a maximal self-stable family X^~ C X such 
that: 

(i) Xq - and Xq^ are isometric; 

(ii) There are x* = {x^} neN and y* = {y^} nGN in Xq~ for which the 
inequality 

2max{d(0,x*)J(0,y*),d(x*,y*)\ < d{0,x*) + d{0,y*) + d{x*,y*) (3.18) 

holds and 

< = Kl » Vn = \Vn\ e *" and °n G [0, 7r] 
for all n G N. 

Proof. Let x = {\x n \ e J/3n } neN and y = {\y n \ e l6n } n( - N be elements of X Q r r 
for which (|3.6p holds. Consider the sequence / = {/ n } nG ^ of the isometries 

/„:C->C, f n (z) = e-^z. 

Then we have 

m = (W} n6N and f(y) = {\y n \ e '(«»-A0} . 

We may assume that 

-7T < 9 n - /3 n < n 

for all n G N. Define a new sequence g of isometries g n by the rule 

z if O<0 n -/3 n <^, 



5n< ^ : " (z if -ir<6 n - f3 n < 0. 
Using Lemma 12.81 we see that the family 

XI? := g(f(X 0if )) 

satisfies all desirable conditions with 

x* ■= {9n(fn{x n ))} nm and y* := {g n {fn{Vn))} ni 



□ 
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Lemma 3.9. Let X = C be the set of all complex numbers with the usual 
metric |.,.| and f = {r n } ngN a normalizing sequence and Xq^ a- maximal 
self-stable family for which the conditions of Lemma 13.51 are satisfied. If 
Qqjt is a pretangent spaces which corresponds X jr, then Qq f is tangent and 
isometric to C 

Proof. Let x and y be two elements of Xq^ f° r which (|3.6|) holds. By 
Lemma 13.81 there exists a maximal self-stable family Xq - C X which is 
isometric to Xq^ and contains x* = {x^} neN and y* = {y^} ne pg such that 
fl3~T8]) holds and 

< = K\, y*n = \y*n\J en , n e[0,7T] (3.19) 

for all n G N. Relations (|3.19j) imply that for every z* = {^} nGN € X^ - 

the sequence 

' ■/* 



'' I fn I n£N 



is convergent, see Remark 13.71 . Write 



lim^ 

n->oof„ 



for every z* = {z*} neN G Xq~. In particular, we have 



lim & and y* := lim ^. (3.20) 

n— >oo r n n— >oo r n 



We claim that the function 

X* f Bf^/eC (3.21) 

is distance-preserving and onto. (It immediately implies that Qq ? , the metric 
identification of Xq~, and C are isometric, so Qo,f also is isometric to C.) 
Indeed, if w* = {w n } n£N G X^ , then 



d(w*,z*) = lim ^ &! = lim 

n— >oo r„ n— >oo 



tt) 



Consequently it is sufficient to show that for every p£C there is p* G Xq - 
such that p* = p. Write 

P* = {r n p} neN ■ 
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It is clear that 



P" 



r r n p 
lim = p, 

n— >oo Tn 



thus it is enough to prove that p* € XX - . It follows from (|3.20p that 



lim 

n— >co 



1 n. •** •L'lr 



0,f ■ 
lim 

n— >oo 



\r n y -vi 



■/',. 



0. 



Hence 



d(p*,x*) 



lim 

71— >QO 



\r n p - x; : 



lim 

n— >oo 



\r n P ~ r n x~ 



\p — x* 



and similarly we have d(p*,y*) = \p — y*\ . Therefore, by Lemma 



*oV 



p* € 
in this 



It remains to show that Qq f is tangent, because, by Lemma 
case Qo t f is also tangent. Let r' = {r nfc } fceN be a subsequence of r and let 
Xq -i be maximal self-stable family such that 

X 0,r' 2 |{ x n fe / feGN : l x n/neN G X 0,rj ■ 

Then Xq -, satisfies all conditions of the lemma which is being proved. Hence, 
similarly (|3.2ip . we can define a function 



X^ f ,3z*J\z*eC, f'(z* 



r X k 

lim — — 



for z* = {zfc} fcGN £ Xq~,. Let f^ -, be the metric identification of Xq,~, and 
let is : C — > &>n~, is' : C — > Q* -, be isometries such that the diagrams 

u,/ n_ r r ^ 



v~* 




and 



V"* 



./' 



c 





(3.22) 



n 



O.r 



^0,f 



are commutative. Similarly (|1.5p we can define an isometric embedding 
em' : Oq - — )■ fij -, such that the diagram 



Y* 1Uf ' . Y* 



L 0,f 



L 0,f' 



(3.23) 



^0,f 7* ^0,f' 
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is commutative. We claim that the following diagram 



A 0,f 



/ /' 






(3.24) 



O* 



— ^0,f' 



also is commutative. To prove the commutativity of (|3.24p it is sufficient to 
show that 

em'(is(z)) = is'(z) (3.25) 

for every z G C Let z be a point of C Since / is a surjection, there is 
x G Xg ? such that z = /(£). Hence, using the commutativity of diagrams 
(|3.22j) - (|3.23p and and the equality / = /' o in?/ we obtain 

em'(is(z)) = em'(is(f(x))) = em'(p(x)) = 

p'(irif'(x)) = is' (f' (irifi (x)) = is (f(x)) = is'(z). 
Consequently f|3.25j) holds. The diagram 



v~* 



Q* - 



c 



O* 



also is commutative, because (|3.24|) is commutative. Since / and is' are 
surjections, em' is surjective. Hence, by Proposition ^. 1\ Slg f is tangent. D 

The following lemma shows that if X = C, then every maximal self- 
stable Xq^ satisfies the conditions of Lemma 13.51 It is a final part of the 
proof of Proposition 13.41 

Lemma 3.10. Let X = C be the set of all complex numbers with the usual 
metric |.,.| , let be r = {r„} ngN a normalizing sequence and let Xq^ be a 
maximal self-stable family. Then there are x, y G Xq^ such that (I3.6P holds, 
i.e., 

2maxi.d(0,x),d(0,y),d(x,y)\ < d(0,x) + d(0,y) + d(x,y). 
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Proof. Suppose that the equality 

2 max |d(6, x), d(0, y), d(z, y)} = (2(6, 5) + d(6, y) + d(x, y) (3.26) 

holds for all x,y £ -Xo.f ■ 

Consider first the simplest case where d(0,x) = for all x € Xq^. The 
last equality implies 



d(r, x) = lim n ' = lim 



n— >oo 



■'^71 -, 



for all x = {x n } neN € -Xo,f- Consequently Xq^ U {f } is a self-stable family, 
so Xo ; f is not maximal self-stable, contrary to the conditions. 
Hence there is x = {x n } neN € Xo^ such that 

d(0, s) = c > 0. (3.27) 

Without loos of generality we may suppose that 

x = r. (3.28) 

Indeed, passing, if necessary, to an isometric X^ f , , see Lemma I2T51 we may 

put x n = \x n \ for all n£N. Next, since the family 

cX 0: f = |{c^n} nG N : { Z "lneN S X 0,f j 

is maximal self-stable if ^ c € C, we can take —Xq^ instead of Xof. 
Moreover, since 

I i: =/I4 6 ±* 0f and lim ±2l = 1, 

co [c J neN c n^ooc r n 

we see that d(— x, f) = and, consequently, 

1 ~ 
r £ —X 0j f. 

Co 

The equalities (pT26l) and (pT28l) imply that 

2max{l,J(6,y),J(f,y)} =l + d(Q,y) + d(f,y) (3.29) 
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for all y G Xq^. There exist only the following three possibilities under which 
([3T29]) holds: ' 

d(r, y) = d(y, 6) + 1, 1 = d{6, y) + d(y, f) and d(6, y) = 1 + d(f, y). (3.30) 

Write for y G Xo^ 

* = *(y):=(#? ^ d >"^=^ 5 ) + 1 ' (3.31) 

yyj \ d(0,y) otherwise. v ; 

We claim that the limit relation 

Jim |tr "~ y "' = (3.32) 

n-s-oo r n 

holds for every y = {y n } n€ N e -^o,f ■ Indeed, fix y G -Xo,f> and suppose that 
the first equality from ([330]) holds. (Note that ([3321 is trivial if d(0, y) = 
or d(f , y) = 0.) Let us denote by y* an arbitrary limit point of the sequence 

H -To prove (13.321) it is sufficient to show that 
I Tn ) n&i 

y* = t. (3.33) 

The fist equality in (|3.30p and definition (|3.31[) imply that 

~ ~ TV — V ~ ~ ~ 

\y*\ = d(y, 0) = \t\ and \y* — 1| = lim — — = d(f, y) = 1 + d(y, 0). 

n— >oo r n 

Hence y* belongs to the intersection of the circumferences 

lz GC: \z\ =d(0,y)\ and lz G C : \z - 1| = 1 + J(y,6)|. 

Since this intersection has the unique element t, see Fig. 1, we obtain (J3.33D . 
Similarly we have 

y* G lz GC : \z\ = d(6,y)\ n lz G C : \z - 1| = 1 - d(0,y)\ = {t} 
if 1 = d(0, y) + d(y, r) and 

y* G lz GC : |z| = d(0,y)} n {2 GC : \z - 1\ =d(0,y)-l\ = {t} 
for the case d(0, y) = 1 + d(y, z), i.e., y* = t for all possible cases. 
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d(y,r)=d(y, 0)+\ 



d(y,0)=\+dXr.y) 




\=d(0,y)+d{y,7) 



2-d(0. y ) 




1(0, v) 



Figure 1. Points x,y and are situated on the "real axis". 

To complete the proof let us consider the family 
x o,f := {{cr n } neN ■ cGC}. 

Since (|3.32p holds for all y € Xq^, it is easy to prove that [Xq~]x 5 -Xo.f 

where the operation [ • ]x was defined in (|2.ip . Note that [-^of]^ ^ s sen? " 
stable and that 



d(if,tr) 



lim 

n— ¥oo 



\lT n tT n \ 



Vi + tVo 



for every t £ R. Hence if £ Xq^, contrary to the supposition about the 
maximality of Xq^. D 

4 Tangent spaces to starlike sets 

Examples 13. II and 13. 31 are some particular cases of starlike sets on the plane. 
The next our goal is to prove Theorem 11.71 which describes tangent spaces 
to arbitrary star like subsets of C 

For convenience we repeat this theorem here. 
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Theorem 4.1. Let Y C C be a starlike set with a center a and let r be a 
normalizing sequence. Then all pretangent spaces to Y at the point a lie in 
tangent spaces and for each tangent space 0^~ there is an isometry 

■ip : V%f ->■ Con a (Y) with tfj(a) = a. (4.1) 

Before proving the theorem we consider its particular cases. If Y is 
an one-point set, then all rays (|1.6p are also one-point and so Con a (Y) = 
{a}. Moreover, it is easy to see that, in this case, all pretangent spaces are 
tangent and one-point. Hence the theorem is valid if Y = {a}. For the 
case when each three point of Y are collinear, desirable isometry (|4.ip was, 
in fact, constructed in the proof of Proposition 13.21 see diagram (|3.5p . If 
Int(Y) ^ and a £ Int(Y), then the theorem follows from Proposition 13.41 
Consequently it is enough examine the case where a € dY and Y contains 
at least three noncollinear points. 

Lemma 4.2. Let X C C be a closed cone with a vertex 0. Let a = be a 
marked point of X, r = {r n } n6N a normalizing sequence and Xo t f a maximal 
self-stable family. Suppose X contains at least three noncollinear points and 
there exist x = {x n } nl - N and y = {y n } n& ^ from Xo,f such that 

2max{d(0,x),d(0,y),d(x,y)} < J(0, x) + d(0, y) + d{x, y) (4.2) 

holds and sequences 



x I x n I y 



(4.3) 

' V'n) n gN ' 

are convergent. Then the following statements hold. 
(i) If z = {z n } neN G Xo t p, then there exists a limit 

z* = lim — (4.4) 

n— >oor n 

and 

z* e X. (4.5) 

(ii) Conversely, ij ' z € X and if relations (I4.4p . (j4.5|) hold, then z € Xq^. 

(in) The mapping Xq^ — > X, f{z) = z* , is distance-preserving and 
onto. 

Proof. Suppose that 

z={\z n \e*»} n&i eX f. 
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Since x and z are mutually stable, there is a limit 

2 

?2 , n 2 



where 



lim 

n— >oo 



i? 2 






Ri + R z z - 2R X R Z lim cos(7 n - /3) 



lim — '■ 

rn-oo 7V 



R x = lim 



^e i/3 



n— >oo 7" 



lim — 

ro— >oo7" 



Similarly we have 



lim 

n— »oo 



y» 



R 2 + R 2 Z - 2R y R z lim cos^ 



where 



-Ri, 



lim 1M an d R y e w = lim ^. 

n— >oo r n n->oof n 



Consider the system 



cos 6* cos 7 n + sin 6 sin 7 n 
cos B cos 7„ + sin /3 sin 7 n 



cos(7 n - 6) 
cos (7™ -/3). 



The inequality (|4.2p implies that 



cos f sin y 
cos /3 sin jB 



sin(/3 - 0) / 0. 



COS 7 n 



(4.6) 



(4.7) 



(4.8) 



Hence, by Cramer's rule, we obtain from (I4.8P 

cos(7 n — 0) sin/3 — cos(7 n — jB) sin# 
sin(/3 - 9) ' 

cos(7„ — IB) cos — cos(7 n — 6) cos /3 
sm(p — 0) 

Consequently, the existence of limits (|4.6[) and (|4.7p implies the existence of 
limit (|4,4p . Note also that the elements of the sequence * are some points of 
X. Hence we have (]4.5p because X contains all its limit points as a closed 
set. 

Now suppose that z € X and relations (14. 4p . (14. 5|) hold. Since Xq^ is 
maximal self-stable, to prove z € -Xo,? it is sufficient to show that that z and 
w = {w n } n&N are mutually stable for each w € Xq^ . Let w be an arbitrary 
element of Xq^- Statement (i) implies that there is w* S X such that 



lim 

n— >oo 



Fn - r„ii)* 



0. 
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Hence, by (|PJ) . 



d(w, z) = hm = \z — w \ , (4.9) 

n-s-oo r„ 



i.e., z and w; are mutually stable. 

To prove Statement (iii) note that (I4.9P means that the function 

X ,r 3 z hA z* E X 

is distance-preserving. Moreover, Statement (ii) implies that for every z* € 
X we have {2;*r n } nGN € -^o,n i-e., / is onto. D 

A modification of the proof of Lemma 13.101 gives the following. 

Lemma 4.3. Let X be a set from Lemma \4- 6 A Then for every maximal 



self-stable Xq^ there are f' and Xq fi such that 

Xq,?' 3 | i' : i £ Xq^ \ 

and (|4.2p holds for some x,y € X 0> ?r. 

The following proposition is a model case of Theorem 14.11 

Proposition 4.4. Let X be a set from Lemma \4--S\ Then the conclusion of 
Theorem\4.1\ is valid for every £lo,r- 



Proof. Let f be a normalizing sequence and let Xq ? be a maximal self- 
stable family with a corresponding pretangent space fiof- By Lemma |4.3 
we may suppose, passing, if necessary, to a subsequence of f, that there 
exist x = {x n } n ^ and y = {y n } ne ^ in Xo,f such that (|4.2p holds. Since 
the sequences 

%n I I y 



r n J nS N l r n J nG p 

are bounded, there is a subsequences r' = {r nk } kGN of sequence f such that 

Vn k \ 

rn k J feeN I r ™fe J fceN 
are convergent. Let Xq ?i be a maximal self-stable family such that 

X ,r< 5 |x' : x € X , r -| . (4.10) 
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Write f2o,f ' f° r the metric identifications of of Xq^' ■ We claim that 0o,f ' is 
tangent. Indeed, since all suppositions of Lemma 14.21 are valid, a limit 



z = lim 

fc-s-oor nfc 

exists for every z = {zfc} feeN ^ ^o,f' and the mapping 

Xo,f 3zJUz*£X (4.11) 

is distance-preserving and onto. Hence there is an isometry is' : X — > Qof 
such that the diagram 

/' 

Xq pi ►■ x 



p 




(4.12) 



is commutative. In particular we have is'(0) = p'(0). Similarly, for every 
infinite subsequence f" of f' and for every maximal self-stable 

Xn f/i D \x' : x € Xn f > 



there are a distance-preserving surjection /" : Xq?" — > X and an isometry 
is" : X — > ^o,r" with the commutative diagram 

/" 

Xq? •" X 





and with is"{Q) = p"(0), where p" is the metric identification mapping of 
the pseudometric space X 0j f" ■ As in the case of diagram (|3.23|) we can find 
an isometric embedding em" : fio,f' ~~ * ^o f" such that em" op' = p" o in r" 
where in" {x') = (x')' € Xn?" for x! £ -Xof . Repeating the proof of the 
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commutativity of (|3.24p we see that the diagram 



X, 



0,f' 



X 0r ii 



r r 
x 

IS' / \ IS" 



i Lq fi *- i * 



(4.13) 



0,f' 



is also commutative. Hence em!' is surjective because /' and is" are surjec- 
tions. Consequently, by Proposition 12.11 Qo,F is tangent and, as was shown 
above, for the isometry is' : X — > fio.f we have is'(0) = a where a = p'(0). 
Thus, by definition, fiof hes in the tangent space fiof'- 

Suppose now that Oo,f, the metric identification of Xq^, is tangent. To 
prove the existence of an isometry 

i\) : Q 0i ? -> X with ^(a) = 0, 

consider, as in the first part of the present proof, a maximal self-stable family 
Xo t ? such that inclusion (|4.10p holds and diagram (|4.12j) is commutative for 
function (I4.1ip . Since is' is an isometry, the commutativity of ()4.12|) implies 
f = (is')" 1 op' where (is') -1 is the inverse function of is'. Then combining 
the last equality with (11 .51) we obtain the commutative diagram 



(4.14) 




Write i/j = (is')~ l oem' . For tangent spaces the mapping em' is an isometry, 
so if) is an isometry as a superposition of two isometries. Note that the 
commutativity of diagram (|4.14p implies the equality ip(a) = for a = 
p(0). □ 

Lemma 4.5. Let Y C C be a starlike set with a center a and let X := 
Con a (Y). Then X and Y are strongly tangent equivalent at the point a. 

Proof. If Y = {a} then X = {a} and this lemma is trivial. Consequently, 
we may suppose that a is a limit point of Y. 
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Let us denote by Y the smallest (but not necessarily closed) cone with 
the vertex a and such that Y DY. Then we have the equality 

Cl{Y) = X (4.15) 

where Cl(Y) is the closure of Y in C. Indeed, it is easy to prove that Cl(Y) 
is a closed cone. Consequently, the inclusion Cl(Y) D Con a (Y) = X holds. 
On the other hand Con a {Y) is a cone. Hence Con a (Y) D Y. It implies 



X = Cl(Con a (Y)) D Cl(Y) 



and (|4.15p follows. 
Write for t > 



Sj := {y G Y : \a - y\ = t} and Sf := {x G X : \a - x\ = t}, 

i.e., SY and S^ are the spheres in Y and, respectively, in X with the center 
a and radius t. 

Since Y C X it is sufficient, by Proposition 12.51 to prove that 

lim e a (t,X,Y) =Q 



where 



e a (t,X,Y)= sup inf \x — y 



If equality (J4.16P does not hold then there exists 5q > such that 

e a (t, x, y) 

hmsup = 6q. (4-17) 

t->-o * 

Equality (14.150 implies that 

C/(5f ) = Sf (4.18) 

where 5^ = {y € Y" : |y — a\ = 1}. Since S* is a compact subset of C, 
it follows from (|4.18j) that there is a finite -^-uet {yi, . . . , y n } C 5^ for the 
set S* . The starlikeness of Y" implies that there is 7 > such that the 
implication 

{\z-a\ <7)=>(ze7) 

is true for every point z G CQ = il a (yi) where l a (Vi) are rays starting from 
a and passing through yi, see (|1.6j) . Hence for all £ G]0,7[ we have the 
inequality 

£g(t,X,Y) 8 

t 2' 

contrary to ([4TT7J) . □ 
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Proof of Theorem \4-l\ Without loss of generality we may put a = 0. Let 
Y a f be a maximal self-stable family and let Q^~ be the corresponding pretan- 
gent space. Write X = Con a (Y). Then by Lemma [4.5l the sets X and Y are 
strongly tangent equivalent at the point a. It follows from Proposition 14.4 
that every pretangent space Q^- lies in some tangent O^-,. Consequently, 
using Proposition 12.41 we have that Q% - lies in some tangent space Q^ ?/ . 
Suppose now that Q^f * s tangent. Write X := \Y a ,f]x- Then Statement (ii) 
of Proposition 12.21 implies that ft^f, the metric identification of X a> f , also is 
tangent. Hence, by Proposition 14.41 there is an isometry 

^■M^^X, ifj x (a)=a, 

with 

X a ,f 3 a = (a, . . . , a, . . . ) — »■ a G £l a ?- 

where p is the projection of X a ^ on £l a ,r- Statement (ii) of Proposition [2? 
implies that the mapping 



n^ Ba^ [a] x e n* 



X 

f 



is an isometry. It is easy to see that the mapping Q^~ — > Q,^- — > X is an 
isometry with the desirable properties. □ 

In the next proof we use the notation from the proof of Lemma 14.51 

Proof of Corollary \1.11\ It follows from the first part of Theorem 11.71 that 
we must only to prove the equality 

Con a (Y) = Conv a {Y) (4.19) 

for convex sets FCC and a € Y. To prove this, note that the cone Y is 
convex for the convex Y, see, for example, [161 Chapter I, §2, Corollary 2.6.3] 
and that Cl(Y) also is convex [161 Chapter II, §6, Theorem 6.1]. Moreover, 
as has been stated in the proof of Lemma l4.5^ the closure of every cone is a 
cone. Hence 

Cl(Y) D Conv a {Y). 

This inclusion and equality (J4.15P imply the inclusion Con a (Y) D Conv a (Y). 
Since the reverse inclusion Conv a (Y) D Con a (Y) is trivial, we obtain f|4. 19|) . 

□ 
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Proof of Theorem \1.8l Let Z be a starlike set with the center a such that Z 
and X are strongly tangent equivalent at the point a. To prove the theorem 
under consideration we can repeat the proof of Theorem 14.11 using Z instead 
of Con a (Y), X instead of Y and Theorem l4.1l in place of Proposition l4.4i □ 

Lemma 4.6. Let X C C be a set with a marked point a and let I be a ray 
with the vertex a. Then we have the equality 

Kmp(R(X,l,/3)) = \im p(R(Cl(X),l,P)). (4.20) 

Proof. To prove (|4.20p note that 

p(R(X, I, (3)) > p(R(Cl(X),l, (3)) (4.21) 

because X C Cl(X). On the other hand, Definition 11.91 implies the equality 

p(A)=p(Cl(A)) 
for every iCK. Consequently, 

P (R(X,l,(3))=p(Cl(R(X,l,f3)))- (4-22) 

Applying the well-known criterion, see [9J Proposition 2.1.15], we see that a 
distance function 

C B x i — > \x — a\ e M 

is closed. The characteristic property of closed maps, [HI Chapter 1, §13, 
XIV, formula (7)] implies 

Cl{R(X, l,p)) = {\z-a\:z€ Cl(X n T(a, I, /?))}. (4.23) 

Moreover, it is easy to see that 

Cl(X n T(a, l, p)) D Cl(X) n r(a, /, 7) (4.24) 

for every 7 < j3. Relations (|4.22p - (|4.24p imply the inequality 

p(R(X,l,p)) <p(R(Cl(X),l,j)) 

for every 7 < /3. For example we have 

p{R{X,l^)) <v{R(ci(x),i,JL_)). 

Letting f3 — > in the last inequality and in (|4.21|) we obtain (|4.2Up . D 
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Lemma 4.7. Let X C C be a set with a marked point a, I a ray with the 
vertex a, f = {r n } nG N a normalizing sequence, (3q a positive constant and 
let x,y belong to X, x = {x n }n ne ^, y = {y n }neN- Suppose the following 
conditions are satisfied: 

(i) The family {x,y,a} is self-stable w.r.t. f; 

(ii) The point x lies between a and y, i.e., 

df(a, y) = df (a, x) + df(x,y) and d? (o, x)d? (x, y) 7^ 0; (4.25) 

{Hi) For every (3 > there is uq £ N such that x n € T(a, I, (3) for all n > uq. 

Then there is mo € N such that y m £ T(a, I, j3q) for all m > niQ. 

Proof. If the conclusion of the lemma does not hold, then there is a strictly 
increasing sequence {n/cjfcgpj of natural numbers such that 

y nfe €C\r>,Z,/3 ) (4.26) 

for all n&. Condition (i) implies that {-^-jfceN is a bounded sequence. 
Hence, passing if necessary to a subsequence, we may suppose that y' is 
convergent. Condition (m) and the existence of d(a, x) imply that {-^-jfcgN 
also is convergent and 

Xr 



Um y^el (4.27) 

Write 



fc ->°° r nk 



* 1 • Vrik 

y := hm — -. 
k— >oo r nk 

It follows from flPBl that 

y* eC\Int(T(a,l,/3 )) (4.28) 

where Int(T(a, I, /3o)) is the interior of the sector T(a, I, f3). Using (I4.27J) and 
(|4.28|) it is easy to show that 

\a — y*\ < \a — x*\ + \x* — y*\, 

see Fig. 2. The last inequality contradicts (14. 25ft because df(d,y) = \a — x*\, 
df(d, y) = \a — y*\ and df (x, y) = \x* — y*\. □ 
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r(a,/,po) 




Figure 2. The point x* cannot lie between a and y* 



Proof of Theorem \1.1(A Firstly, note that without loss of generality we may 
assume X to be closed. Indeed, by Corollary 12.61 the sets X and Cl(X) 
are strongly tangent equivalent for every a € X, so using Statement (ii) of 
Proposition 12.21 we see that for X and for Cl(X) the supposition of Theorem 
II. 101 is true (or false) simultaneously. Analogously, using Lemma [4.6 1 we can 
replace X by Cl{X) in the conclusion of Theorem II .101 
Suppose there is a ray I = l a (b) such that 



1 > ]Jmp(R(X,l,P)) :=70 >0. 

/3-H) 



(4.29) 



Since function p(R(X,l,/3)) is decreasing in /_, Definition 11.91 implies that 
for every k _]0, 1[ there is flo > with 

70 > Po := P(R(X, I, A))) = lim sup l^ihl^LM > fc 7o (4.30) 

where 1(0, h, R(X, I, /3o)) is the length of the longest interval in [0, h]\R(X, I, @q) 
Consequently, there is a decreasing sequence {/i n }neN> h n > 0, with 
hmn._j.oo h n = such that 



l(0,h n ,R(X,l,p )) 
hm = p . 

n— >oo tl n 



(4.31) 



Write ]r n , t n [ for the longest open interval in [0, h n ] \ R(X, l,0o). If r mo = 
for some tjiq _ N, then f|4.29j) does not hold. Thus we may suppose r m > 
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for all m G N. Let {/3 n .}neN be a decreasing sequence of positive numbers 
with lim n _ i , 00 f3 n = 0. Write 

T n := sup{d(x, a) : x G B(a, r n ) D X D T(a, I, j3 n )} (4.32) 

where B(a,r n ) = {x G X : \x — a\ < r n }. The previous reasoning gives the 
strict inequality 

T n > (4.33) 

for all n G N. Since X is closed and S(a, r n ) is compact, there is a sequence 
5 = {x n } ne jj such that 

\x n - a\ = r n (4.34) 

and 

x n £B(a,T n )nXnT(a,l,p n ) (4.35) 

for all n G N. Let us obtain now some estimations for lim m _j. 0O — and for 
linim^oo |p-. Using (|4.31j) and the definition of intervals ]r m ,t m [ and of the 
porosity of R(X, I, j3q) we see that 

t — f It — f 

Po > nmsup > hmml = po, 

that is 

Po = lim — ^ — (4.36) 

and so 

lim — = l-p - (4-37) 

m-s-oo t m 

Moreover, since the inclusion 

R(X,l,p n )DR{X,l,(3 n+1 ) 
holds for all n G N, we obtain the inequality 

lim sup |Tm ~ tm| < P (E(X, Z, /3 n )) (4.38) 

m— Kx> t m 

for all N. Letting n->oowe have 

lr — t I 
Inn sup < 70 . 

Passing to a subsequence we may suppose that there exists a limit 

lim |Tm ~ tm| < 7o- (4.39) 

m— s-oo t m 
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It is clear that \r m — t m \ < \r m — t m \ for all m € N. Hence, by (|4.30|) . (|4.36[) 
and by (J4T39D . 

kl0 < lim |rm - * m| < lim |Tm ~ tm| < 7o . (4.40) 

m->oo t m m— >oo t m 

By the construction we have r m < r m < t m . Thus (|4.40p implies 



fc7o < 1 - lim — < 70 (4.41) 

m— >oo t m 



or, in an equivalent form, 



f 



< lim — < . (4.42) 

1 - fc7o rn^oo Tm 1 - 7o 

Similarly we can rewrite (|4.4ip as 

K70 < lim (- lim < 7q. 

m— s-oo t m m— >oo f m 

From this, using (|4.36p . (|4.37p . we obtain 

1 Trn 

k"fo <Po + lim — j-^=- < 70 
1-po 

and, after simple calculations, 

1 ~ Po < lim !^<i^o. (4.43) 



1 - &70 "i^oo Tm " - 70 
Note that the inequality 



tlM < _J_ (4.44) 

I-70 1 - K70 

holds if 

1 > k > i( 7 o + !)■ (4.45) 

Indeed, inequality (|4.44p is equivalent to 

Po + ^7o - &Po7o > 7o- (4.46) 

By (|4.30p we have po > &70 . Consequently, to prove (|4.46j) it is sufficient to 
show 

2&7o - kp -fo > 7o 
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that is equivalent to 2k > kpo + 1 because 70 > 0. But kpo < po < 70, see 

(O0|) . so fljlSD implies (@3I]). 

Let us take the sequence f = {r n } nS N as a normalizing sequence. Let 

X a f be a maximal self-stable family such that x £ X a f and let f^~ be 

the corresponding pretangent spaces. The supposition of the theorem which 

is being proved, implies that there is a subsequence {n.fc}fc<=N of natural 

numbers such that Q^f nes m tangent space &%?'■> f' = {T nk }k<m- Replacing 

n by n^ in (|4.34|) . (|4.35|) we may assume that ft^f = ^an i- e - ^af * s 

tangent. Write fi := p(x) where p is the metric identification mapping of X a ^ 

and where x = {x n } nG N was defined by (|4.34[) . (I4.35J) . It follows from (I4.44|) 

and from the supposition of the theorem that there is y = {y n }neN £ X a ^ 

with 

1 = dr(x, a) < -— ^ < df(a, y) < — ^— (4.47) 

I-70 1 - «7o 

and such that /j, lies between a := p(a) and £ := p(y). Since all conditions 

of Lemma 14.71 are satisfied by the triple x, y, a, there is no € N such that 

y n er(a,/,/3 ) (4.48) 

for all n > n,Q. Lemma 12.71 and relation (|4.47[) imply that there is Eq > 
such that the double inequality 

(1 + eoK-— ^ < d(a, y n ) < -^— (4.49) 

I-70 1 - kj 

holds for all sufficiently large n. Moreover, it follows from (|4.42[) . (|4.43j) that 
there is N(e) G N such that 

<i n <(l + eo )-^- (4.50) 



and 



1-^70 l-7o 

1 ~ Po / W1 , N r n(l-Po) fA K1 x 

<r n <(l + e )— : (4.51) 



1 - «7o 1 - 7o 



for all n > N(e). The left inequality in (J4.49P and the right one in (|4.5ip 
give r n < d(a,y n ). Similarly, from the right inequality in (|4.49p and from 
the left one in (|4.50p we obtain d(a,y n ) < t n . Thus we have 

d(a,y n ) e]r n ,t n [ (4.52) 

for sufficiently large n. In addition (J4.48H implies 

d(a,y n )eR(X,l,p ). (4.53) 

Relations (|4.52p . (|4.53p contradict the definition of intervals ]r n ,t n [. Hence 
double inequality (J4.29P does not hold and the theorem follows. □ 
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Example 4.8. Let X = {re* G C : r G R + and tp G [0\, 6> 2 ]}, < 6>i - 6 2 < 
7r} be the closed convex cone, a = a marked point of X and f = {r n } ne ^ 
a normalizing sequence. Write for all n G N 

{r n e ldl if n is odd 
ie 3 - f ■ ( 4 - 54 ) 

r n e A it n is even 

where a number #3 belongs to ]#i, #2! ■ 

Let Xo,f 3z = {^njngpj be a maximal self-stable family with the corre- 
sponding pretangent space 0o,f ■ We claim that fio,f is not tangent. 

Indeed, suppose that Oo,? is tangent. Write f' 1 ) := {r^n+ijneN and 
f( 2 ' := {r2n}neN- By Statement (ii) of Proposition [2TT1 the families 

-X-OfM '■= {{^2n+l}neN : {^n}neN G Xq^} 

and 

X Q ^(2) := {{x2n}nGN : {^n}nGN G Xq^} 

are also maximal self-stable and corresponding spaces f2 f (i) , f2 ? (2) are 
tangent. Passing, if necessary, to subsequences we may suppose that for 
every x = {x n } ne N G Xo t ? there are limits 

/«(x) := lim ^±i and f( 2 \x) := lim ^. (4.55) 

n ->°° T2n+1 n ^°° ?"2n 

Let |_^o,rJ be a system of distinct representatives of the factor space fio.rj 
i.e., for every x G -X"o,f there is a unique y G |_^0,fj such that d(x,y) = 0. 
Then, by Statement (Hi) of Lemma l4.2| the mappings 

[X ,f\ 3 x .— ► / (1) (x) G X and [X ,f\ 3i^ / (2) (x) G X 

are isometries, where f( l >(x) and f^ 2 >(x) are defined by (|4.55p . Therefore, 
we have 

/( 1 )(z) = e ^i and f^(z) = e ie \ 

Hence, there is an isometry ip : X — > X such that 

tp(e i93 ) = e ie \ (4.56) 

Note that e* 6 * 3 G IntX and e* 6 * 1 G 9X. Consequently, equality f|4.56j) con- 
tradicts the Brouwer Theorem on the invariance of the open sets. 

This example and Statement (ii) of Proposition ^. 2l implv Proposition ll.l2l 
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